In this work we report on the calculation of the correlation energies of excitonic complexes in the III-V nanostructures InAs/GaAs and In x Ga 1−x N/GaN quantum dots. We examine how the electric field and the basis radius r c of the quantum dots affect these energies. The results presented in this work are in sound agreement with recent experimental observations.
Introduction
In the last few years semiconductor quantum dots (QDs) have been an area of intensive research in condensed matter physics [1] . The rapid progress in semiconductor technology has allowed the fabrication of low-dimensional electronic nanostructures, QDs, wires, etc.
These nanostructures are characterized by a lateral confinement of a quasi-twodimensional electron gas leading to discrete energy spectrum observable in low-temperature experiments [2] . Quantum dots with strong confinement are obtained by self-organized growth [1] .
The purpose of this work is to gain insight into the physics of InAs/GaAs and In x Ga 1−x N/GaN III-V nanostructures QDs by theoretical investigations. We calculate the neutral (X = 1e + 1h), positively (X + = 1e + 2h), negatively (X − = 2e + 1h) charged exciton and bi-exciton (XX = 2e + 2h) correlation energies in two kinds of III-V semiconductor quantum dots. In contrast to previous theoretical works [3] [4] [5] [6] , special attention is paid in this paper to the comparison of the InGaN/GaN QDs characteristics with those of the more familiar InAs/GaAs ones which provide nearly ideal examples of zero-dimensional semiconductor systems [1] , and hence are of contemporary interest for the study of new physics and potential device applications. The principal difference between the two heterostructure families arises from the much larger band offsets between GaN and InN than those between GaAs and InAs and from the heavier effective masses in the nitride compounds than in the arsenide ones.
Another aim of this paper is to give a comprehensive outline of the theoretical model used together with a brief comparison to other theoretical works that have been employed recently [3] [4] [5] .
III-V nitride semiconductors have been investigated very extensively in the last decade. GaN is a direct and wide bandgap semiconductor and when alloyed with InN and AlN, a spectrum from visible to ultraviolet can be covered. III-V nitride nanostructures are strongly polar crystal as compared to GaAs-based compounds, and thus show a piezoelectric effect. Macroscopic polarization, both of intrinsic and piezoelectric nature, is unusually strong in III-V nitride, with the built-in electric fields in the layers of nitride-based nanostructures, stemming from polarization changes at heterointerfaces. The strong built-in electric field of the order of few MV cm −1 is oriented along the growth direction and has opposite sign inside and outside the QDs [7] [8] [9] [10] [11] . This is considerably stronger than in GaAs-based nanostructures because the piezoelectric constants in nitrides are orders of magnitude greater than in other III-V compounds.
The excitonic complexes have been a subject of extensive theoretical and experimental studies. The first observations of these complexes in InAs self-assembled QDs were performed by Warburton et al [12, 13] . Recently, Moreau et al [14] [15] [16] have reported on the cross correlations between the two photons emitted by a single InAs quantum dot, when it contains two electron-hole pairs (i.e., a bi-exciton). Measurements of the photoluminescence (PL) spectra of neutral, charged excitons and bi-exciton from a single InAs QD were reported in [13, 17, 18, 20, 21] . This technique, which allows for selection of a signal source, may be used in order to determine the dependence of the excitonic complexes PL lines on the size and geometry of the QDs. A theoretical study of this dependence will be useful in the interpretation of the experimental observations which investigate the form of the excitonic charge distribution for different few-body states in individual QDs and reflect both the nature of the zero-dimensional confinement potential and the role of Coulomb interactions in the few-particle state [21] . Our main goal is to examine how the electric field and the QDs basis radius r c affect correlation between particles. We are essentially interested in InAs/GaAs and In x Ga 1−x N/GaN III-V nanostructures QDs, where x = 17.5%. The paper is organized as follows. In section 2, we present and discuss the Hamiltonian describing a single particle in a quantum dot. We also discuss the approximations used in the present calculations and introduce the basic ideas of the numerical method. In section 3 we compare the energy levels of the electron and hole in InAs/GaAs QDs with the In x Ga 1−x N/GaN QDs. In section 4 we compare correlation energies of neutral, negatively X − and positively X + charged excitons and bi-exciton in InAs and In x Ga 1−x N QDs and, finally, present our conclusions in section 5.
Hamiltonian
In this work, we are interested in a numerical study of the correlation energies of excitonic complexes in a specific shape of the QDs which are small semiconductor structures, where carriers are confined in a box by an external or internal potential in all three spatial dimensions [22, 23] . The dots are called quantum dots when the electronic wavefunctions are coherent over the whole box. QDs for optoelectronics must be able to accommodate at least two types of carriers, electrons and holes. The single particle energies as well as the neutral X, negatively X − and positively X + charged excitons and biexciton energies depend heavily on the geometry of the QDs [27] [28] [29] .
In our calculations, QDs which consist of small truncated pyramids with a circular base, are modeled by cones of height h and basis radius r c (figure 1). These pyramids have the same height h in the z growth direction and the same radius r c in ρ direction. The base angle of the cone is close to 30
• for InAs and InGaN QDs [7, 24] . The wetting layer thickness d is close to 0.566 nm for InAs [24] and 1 nm for InGaN [7] . For both kinds of nanostructure QDs height is taken as h = 3 nm. Such physical parameters used for our calculations correspond to InAs/GaAs and In x Ga 1−x N/GaN truncated pyramidal QDs at the temperatures T = 4.2 K and T = 300 K, respectively [30] . We note that the nitride QDs are characterized by a stronger confinement of carriers than the arsenide ones.
We have calculated separately the electron and heavy hole energy levels, neglecting light hole effect, excitonic effects and spin-orbit effect [25] . Due to cylindrical symmetry of the situation, the problem is 2D and the quantum dot confinement potential couples the motion along the growth direction (z) and radial coordinate ρ.
The Hamiltonian describing a single particle (electron or hole) in the effective mass approximation is given by [25] [26] [27] [28] [29] 
where V conf indicates the quantum dot confinement potential, T c denotes the kinetic energy operator and V F is the electrostatic potential including the effects of static electric field taken parallel to the truncated cone axis. z will refer to the cone axis. The energy levels are calculated by diagonalizing the Hamiltonian H 0 using the matrix method over a known and finite eigenstate basis which takes advantage of the cylindrical symmetry. The eigenfunctions of the Hamiltonian are expanded in a Fourrier-Bessel finite series. The expansion is written as [25, 26] 
The wavefunctions
, z e(h) ] correspond to the eigenbasis of a large cylindrical well of radius R and height Z. The truncated cone is placed on the axis of a large cylinder (radius R, height Z). Inside the cylinder the potential is constant and outside it is infinite, therefore the eigenfunctions of the Hamiltonian are forced to vanish on the surface of the cylinder. The origin of the z-axis is taken at the bottom of the large cylinder.
, z e(h) ] are displayed on the basis of the eigenfunctions of the Schrödinger equation of a free particle in the large cylinder and given by
where n denotes the main quantum number which corresponds to the symmetries S, P, D and F for the given values n = 0, ±1, ±2, ±3 . . . , respectively. α n is a normalization coefficient and corresponds to
where J n is the nth Bessel function of integer order n and λ n i is the ith zero of J n . In order to ensure a good convergence (10 −4 eV) of the calculated eigenvalues, we shall deal with a 20(i) × 45(j ) basis for InAs and 20(i) × 55(j ) for InGaN.
For the truncated quantum dot, the potential is taken zero inside and V e,h in the intermediate region between the cone and the large cylinder: V e = 0.697 eV and V h = 0.288 eV for InAs/GaAs QDs [26, 24] ; for In x Ga 1−x N/GaN QDs V e = 0.436 eV and V h = 0.187 eV [7] .
In order to simplify the matter as much as possible, we make the assumption that effective mass for the electron (m eρ = m ez = 0.067m 0 ) and for the hole (m hρ = 0.11m 0 and m hz = 0.34m 0 ) are constant throughout [26] , where m 0 is the free electron mass. The same assumption is considered for In x Ga 1−x N/GaN QDs [7] , the effective masses for the hole m hρ = 0.504m 0 and m hz = 1.199m 0 and for the electron m eρ = 0.166m 0 and m ez = 0.184m 0 . We note that in In x Ga 1−x N/GaN QDs the electron and hole effective masses are larger than those of InAs/GaAs ones. Consequently, carriers in nitride nanostructures are more localized than those in arsenide compounds. The enhanced carrier localization in nitride QDs is of considerable help to suppress the nonradiative decay of electron-hole pairs due to dislocation.
Note that we consider the origin of electrostatic energy at z = 0 for InAs and z = Z−(d+h) 2 for InGaN. The electrostatic term in the Hamiltonian is evaluated over the large cylinder; F denotes the electric field in the growth (z) direction. In the InAs QDs, the electric field is applied throughout the whole large cylinder. For InGaN/GaN QDs instead, the electric field is intrinsic and characterized by internal ( − → F A ) and external ( − → F B ) values which are in opposite directions, where A and B denote the regions inside and outside the QDs, respectively. Their expressions are given by [3, 7- 
where
indicates the sum of spontaneous and piezoelectric polarizations for the considered region. 0 is the vacuum permittivity and A(B) is the relative static dielectric constant. L A = d + h is the QD height and L B = Z. Note that internal and external fields in InGaN/GaN change with respect to h (figure 11). The internal field (in InGaN QDs) is more important than the external one (in GaN matrix).
Energy levels
The electron and hole energy levels have been numerically calculated by diagonalizing H 0 over the eigenstates basis of In figures 2-5, if some lines demonstrate intersections between the continuum and the bound states, this is a direct consequence of spatially great differences between particle wavefunctions in various states (S, P and D).
In this work, for all symmetries, we are interested only in the states bound to the QDs where the electron and hole energies are smaller than the wetting layer one. For biased InAs dots, we have calculated the average position of the carrier along the z-axis (z 0 = |z| ), in order to ascertain that the particle is indeed bound to the QD. Note that when the particle (electron or/and hole) is in a bound state inside the truncated cone the average of its cylindrical coordinate z verifies the following condition:
In InGaN, the particle is submitted to internal and external electric fields which are opposite; so the possibility of the tunnelling effect can be discarded. From our study of the electron and hole energy levels in InAs/GaAs and InGaN/GaN QDs with respect to r c , the electric field and h, we distinguish several kinds of behavior. For both kinds of QDs, the electron and hole bound levels are more confined with increasing r c . Other levels, which are totally unbound in the truncated cone, go down from the quasi-2D continium when r c increases. A notable exception is the case of the hole in InGaN where only the fundamental state of S symmetry is found in a bound state and slightly moves down in energy with increasing r c due to its large effective mass. Moreover, for InGaN, the radius effect is examined under internal electric field of the order of 2.4 MV cm −1 , which induces a localization effect more important than found in the InAs case [28, 29] . This strong localization implies the rigidity of the bound states toward perturbation, such as Coulombic effects. The two lower lying electron bound levels are spaced in the QDs by more than 100 meV and 80 meV for InAs and InGaN, respectively [28, 29] . This should play an important role in studying the energy relaxation rates.
The calculated energy levels of the electron, for r c = 8 nm, as a function of the electric field (h) reveal a linear Stark effect for both QDs, which is more important for InGaN. In InAs QDs, we remark that with increasing electric field only the ground states of S and P symmetries remain bound to the QD. For D symmetry, the fundamental level is bound in the QDs for 100 < F < 180 kV cm −1 . For InGaN QDs, the internal electric field decreases with h, so only the ground state of S symmetry remains bound to the QDs.
We find that the first two confined levels energy difference is varied by 2% and 50% in InAs/GaAs and InGaN/GaN, respectively for 100 kV cm −1 variation of the electric field. The electric field effect on the relative position of energy levels is therefore more important in nitride compounds than in arsenide ones [28, 29] .
For the hole a linear Stark effect is shown for both QDs. In InAs QDs, the ground states of S and P symmetries are lying in the QDs until F = 200 kV cm −1 ; while for F > 200 kV cm −1 P symmetry becomes unbound. For InGaN/GaN QDs, only the S symmetry state is bound. The large value of hole effective mass in nitride nanostructures leads to a localization effect which prevails over the electric field one.
Correlation energies
In this section we are interested in the correlation energies of excitonic complexes. We have to study the external electric field and r c effects on the correlation energy for neutral, positively, negatively charged excitons and bi-excitons for InAs/GaAs QDs. Likewise, we show how the height h and the basis radius r c affect correlation between carriers bound in InGaN/GaN QDs. Moreover, it is important to mention that when two (or more) particles are in the quantum dot, they automatically interact. This is not the case in the quantum well, bulk, etc, where one particle can be long way away from the other. Thus, we assume that it is more suitable in the QD case to name this interacting energy as correlation energy.
For each many-body complex we evaluate the Coulombic interaction which serves to calculate the corresponding correlation energy performed at the second order of perturbation theory [27] . We define the correlation energy of the exciton X and charged excitons X ± as where X is the exciton energy, e 00 and h 00 are the electron and hole energies at their fundamental states corresponding to S symmetry, respectively. The gap energies g = 0.533 eV for InAs/GaAs [26] and 2.776 eV for InGaN/GaN [7, 31] .
For the bi-exciton, the measured quantities are the exciton recombination line position and that with one photon of the biexciton, giving rise to one exciton system. Nevertheless, one can think about the recombination including two photons of the bi-exciton where the final state of the system is empty. But for some materials such as GaAs, this de-excitation channel is forbidden (but authorized for other materials such as CuCl and others).
As adopted above, the novel and arbitrary definition of the excitonic complexes correlation energies is the differences between their energetic positions of the recombination lines and the exciton one. Consequently, it is meaningful to say that the bi-exciton correlation energy is the sum of X + and X − ones as is given by equation (10) . Thus, we define the correlation energy of the bi-exciton XX as
The correlation energies evolution as a function of r c is plotted in figures 6 and 7 for InAs/GaAs and InGaN/GaN QDs, respectively. In figure 8 (figure 9 ) we report the variation of the correlation energies as a function of the applied electric field (h) in InAs/GaAs (InGaN/GaN) QDs.
Note that for small values of r c , the electron and the hole are increasingly localized: the exciton is in a quasizero-dimensional regime, characterized by weak Coulombic coupling compared to the energies of the independent particles. On the other hand, for large values of r c , the exciton is in the quasi-2D regime, where the Coulombic effect is dominant compared to the electron and hole confinement energies. We remark also that the variation of the excitonic correlation energy is less important in InGaN/GaN QDs than in InAs/GaAs ones. This is due to the giant and negative internal electric field in the nitride QDs which controls the electron-hole separation, leading to little r c variation of the exciton correlation energy.
Using the variational method, Semina et al estimate the excitonic complexes binding energies [6] . The authors examine the Coulomb interaction effect on the exciton binding energy.
In our present work (essentially in figure 7 ) we are interested for the In x Ga 1−x N/GaN QD case in the QD radius r c effect on the excitonic complexes correlation energies. Indeed, for In x Ga 1−x N/GaN quantum dot there is another important parameter which is not included in the work of Semina et al that is the intrinsic built-in electric field. This field induces spatial separation of the electron and the hole, and the excitonic correlation energy is weakly affected by the QD radius variations as is shown in figure 7 . These findings are in sound agreement with other theoretical works. In particular, in their recent work based on the self-consistent Hartree method, Winkelnkemper et al found a dominant influence of the built-in electric field causing a spatial separation of the bound electron and hole in nitride QD [5] .
The main conclusion one can make from the above discussion about the radius effect in nitride QDs is that the internal electric field induces a localization effect more important than that found in the InAs case [28, 29] . This strong localization implies the rigidity of the bound states toward perturbation, such as Coulomb effects. For each many-body complex we evaluate the Coulomb interaction which serves to calculate the correlation energies of excitonic complexes performed at the second order of perturbation theory. We note that the excitonic correlation energy variation is less important in In x Ga 1−x N/GaN QD than in the InAs/GaAs one. This is due to the giant and negative internal electric field (F = −2.4 MV cm −1 ) in the InGaN quantum dot. So, in contrast to arsenide QDs, the structure of the exciton in nitride QDs is weakly affected by the Coulomb interaction (see figures 6 and 7 for comparison).
For InAs/GaAs QDs, the positively charged exciton X + presents a negative correlation energy for all considered values of r c . The bi-exciton correlation is negative for r c ∼ 7 nm. Thus, we conclude that the bi-exciton line in InAs/GaAs is not always found at lower energy than the excitonic line, in agreement with experiments [14] [15] [16] . For InGaN/GaN, the excitonic complexes display positive correlation energies for all considered values of r c . We remark that the bi-exciton energy is the higher. This had to be expected since in the nitrides the electron-hole spatial separation due to the internal field enhances the repulsive electron-electron and hole-hole interaction and decreases the attractive electronhole interaction. In InAs/GaAs QDs, we show in figure 8 electric field for r c = 8 nm, that is characterized by a peak ascribed to the inversion of the electron and the hole. The inversion phenomenon occurs for 0 < F < 60 kV cm −1 and is confirmed by our calculations of z 0 which is associated with the position along the z-axis of the particle, carried out using the matrix method (see figure 10) .
The electric field dependence of z 0 for S symmetry is plotted in figure 10 . We show that at zero field, for the mentioned symmetry, the hole is localized toward the bottom of the arsenide QD, below the electron. This result is in agreement with previous theories [32, 33] , with the hole wavefunction below that of the electron. On the other hand, it is important to note that our calculations of the relative positions of the carriers in the QDs at zero electric field is in agreement with recent experimental observations made by Fry et al [34] showing that QDs possess a permanent dipole moment, implying a spatial separation of the electron and the hole (for F = 0), and then sensitive to the applied electric field. The dipole moment is expected from the asymmetric shape of the QDs. According to previous results, the applied electric field F in the direction from the base to the apex of the QDs (i.e. in the growth direction) will lead to electron (hole) attraction to the base (apex) of the dots. These predictions are confirmed both by our calculations of z 0 versus F plotted in figure 10 and by the peak that appears in the calculated exciton correlation energy ( figure 8(b) ). In fact, we find reversal of this alignment taking place around an applied electric field of 50 kV cm −1 . We note that for F > 60 kV cm −1 , the correlation energy of the exciton decreases due to the remoteness of the electron from the hole. For F > 200 kV cm −1 , the hole is in an unbound state and the exciton is not defined [28] . In the InGaN/GaN QDs, due to the negative internal electric field, there is no inversion phenomenon and when we decrease the QD height, the electron gets away from the hole.
The applied electric field in InAs/GaAs QDs can hardly exceed 200 kV cm −1 , while in InGaN/GaN the giant electric fields are of the order of MV cm −1 . This fact leads to interesting variations of the exciton correlation energy in InGaN/GaN QDs compared to the InAs/GaAs ones.
For InAs/GaAs, beyond 20 kV cm −1 , the excitonic complexes display negative correlation energies. We note that when the electric field exceeds 60 kV cm −1 , the bi-exciton has lower energy than all the other complexes. In InGaN QDs, for all values of h, the excitonic complexes display positive correlation energies.
Conclusions
In this work, we demonstrate that the energy distance between the first two confined levels is important for both nitride and arsenide quantum dots; such single dots constitute ideal object for studying relaxation phenomena. Moreover, this energy distance variation is affected more by the electric field in nitride single quantum dots than in arsenide ones. This is known as the quantum-confined Stark effect.
We have investigated theoretically the correlation energies of the excitonic complexes in InAs QDs in a GaAs matrix in the presence of a longitudinal electric field. Our calculations predict that the bi-exciton line is not always formed at lower energy than the excitonic line, in agreement with experiments [14] [15] [16] [17] [18] [19] . Calculated correlation energies of many-body complexes are consistent with those reported by recent photoluminescence measurements [13, [17] [18] [19] [20] [21] . It is important to note that what we measure in experiments are the recombination lines of the excitonic complexes as reported in the experimental works of Moreau et al [14] [15] [16] . Thus, the calculated correlation energies are the algebraic quantities corresponding to the energetic recombination line position estimated relative to the excitonic line.
Correlation energies of excitonic complexes are calculated for In 0,175 Ga 0,825 N/GaN self-assembled QDs. We show how height h and basis radius r c of the QDs affect these energies. Experimental results for excitonic complexes in the InGaN/GaN QDs are still lacking at present. We hope that our theoretical results can stimulate further investigations of the physics, as well as device applications of nitride nanostructures.
